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Abstract

A new six-parameter distribution called the beta generalized inverse Weibull-geometric distribution is
proposed. The new distribution is generated from the logit of a beta random variable and includes the
generalized inverse Weibull geometric distribution. Various structural properties of the new distribution
including explicit expressions for the moments, moment generating function, mean deviation are derived.
The estimation of the model parameters is performed by maximum likelihood method.

Keywords:  Generalized Inverse Weibull, Geometric distribution, Beta-G, Moments,
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1. Introduction

The inverse Weibull (IW) distribution has many applications in the reliability engineering
discipline and model degradation of mechanical components such as the dynamic
components (pistons, crankshafts of diesel engines, etc). It provides a good fit to several
data such as the times to breakdown of an insulating fluid, subject to the action of
constant tension. Also, it can be used to model a variety of failure characteristics such as
infant mortality, useful life and wear-out periods, applications in medicine and ecology,
determining the cost effectiveness, maintenance periods of reliability centered
maintenance activities. Keller et al. (1985) obtained the IW model by investigating
failures of mechanical components subject to degradation. de Gusméo et al. (2011)
introduced the three-parameter generalized IW (GIW) distribution with decreasing and
unimodal failure rate.

The cumulative distribution function (cdf) and probability density function (pdf) of the
GIW distribution are defined (for x = 0) by

Gx,a,7,0) =e 7@’ and  g(x ay,0) = aby(ax)0-te @™ (1)
respectively, where a > 0 is scale parameter and 8 and y are positive shape parameters.
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Recently, there have been many attempts to define new families of probability
distributions that extend well-known families of distributions and at the same time
provide great flexibility in modeling data in practice. One such class of distributions
generated by compounding the well-known lifetime distributions such as exponential,
Weibull (W), generalized exponential and exponentiated W with the geometric (Gc)
distribution. For example, Adamidis and Loukas (1998) introduced the exponential-
geometric (EGc), Barreto-Souza et al. (2010) pioneered the Weibull-geometric (WGc)
and Adamidis et al. (2005) proposed the extended exponential-geometric (EEGCc)
distributions.

Let N be a geometric random variable with probability mass function given by
P(n;p) = P(N =n) = (1 —p)p™ %, forn € Nandp € (0,1). )

In this paper, we define and study a new lifetime model called the beta generalized
inverse Weibull geometric (BGIWGCc) distribution. Its main characteristic is that three
additional shape parameters are added in Equation (1) to provide more flexibility for the
generated distribution. Based on compounding the GIW distribution with the Gc
distribution and then using the beta-G (B-G) family pioneered by Eugene et al. (2002),
we construct the six-parameter BGIWGc model and give a comprehensive description of
some of its mathematical properties. We aim that it will attract wider applications in
engineering, medicine and other areas of research.

At first, we will define the GIW-geometric (GIWGc) distribution and then we use the B-
G to construct the BGIWGc model.

Suppose that a company has N systems functioning independently and producing a
certain product at a given time, where N is a random variable, which is often determined
by economy, customers demand, etc. The reason for considering N as a random variable
comes from a practical viewpoint in which failure (of a device for example) often occurs
due to the present of an unknown number of initial defects in the system. Let N has the
pmf in (geometric).

Now, consider the failure times of the initial defects, denoted by X;,X,,...,Xy be N
independent and identically distributed (iid) random variables following the GIW
distribution with cdf and pdf (1). Note that the time to failure of the first out of the N
functioning systems is given by X = min{X;}}_,. Then, the cdf of X1y is given (for
x > 0) by

e—Y(@n™?

1-p[1-e-r@0~¢|

G(x;a,0,y,p) = 3)
where p € (0,1),a > 0,8 >0andy > 0.
The corresponding pdf of the new model can be written as

_ 1N =2
g(x;a,0,y,p) = (1 — p)a@y(ax)_e_le_"(“x) 6 {1 —p [1 — g~ Y(ax) 9]} o)
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Henceforth, we denote a random variable X having pdf (4) by X~GIWGc(«, 8, v, p).

The survival function (sf) and hazard rate function (hrf) of the GIWGc distribution are
given by

(1 - ple 7@’
1— pe—]/(ax)_9

E(x; a,0,y,p) =
and
(1 — p)ady(ax)~0-Le~r@)™
1= p(1=e7@™)][(1 = p)er@™]

h(x;a,8,y,p) = [

For an arbitrary baseline cdf G (x; ¢) the B-G family due to Eugene et al. (2002) has the
cdf and pdf given (for x > 0) by

1 GOGP) g - Bg(x;9)(@.P)
Fab,4) = 52 [T wel (1 - w)Pdw =m0 _ o a,b), (5)

where a >0 and b > 0 are two additional parameters whose role is to introduce
skewness and to vary tail weight and

B,(a,b) =) wo (1 —w)P tdw

5@D) s the
B(a,b)
incomplete beta function ratio. One major benefit of this class of distributions is its
ability of fitting skewed data that cannot be properly fitted by existing distributions. If
b =1, F(x) = G(x)* and then F is usually called the exponentiated G distribution (or
the Lehmann type-I distribution). Indeed, if Z is a beta distributed random variable with
parameters a and b, then the cdf of X = G~1(Z) agrees with the cdf given in (5).

is the incomplete beta function with B(a,b) = B;(a,b) and I,(a,b) =

The B-G has the following special cases

o If G(x; §) is the cdf of a standard uniform distribution, the cdf (5) yields the cdf of the
beta distribution with parameters a and b.

« If a is an integer value and b = n — a + 1, then the cdf (5) becomes

1
Fixab¢)= B(a,n—a+1)
n
_ n i n—i
= () 166 )11 - 6 o),
i=a
which is really the cdf of the a;; order statistic of a random sample of size n from
distribution G (x; ¢).

G(x;4)
f wa (1 —w)P~ladw
0

* For a = b = 1, then the cdf (5) reduces to F(x; d) = G(x; $).
* The cdf (5) reduces to F(x; b, ) = [1 — G(x; $)]?, fora = 1.
« When b = 1, the cdf (5) reduces to F(x; a,d) = [G(x; d)]%.
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For general a and b, the cdf (5) can be defined in terms of the well-known
hypergeometric function by

1
. — . a _ . .
F(x;a,b,d) aBa.b) G(x; P) 2Fl(a, 1—b,a+1;G(x; cl))),
where
 (@i(0);
F(a,H,y;x)zZ —x' |x| < 1,
2 el (¥)it!
where (a); = Ficg;)i) = a(a +1)...(a +i—1) denotes the ascending factorial of a. We

obtain the properties of F(x) for any B-G distribution defined from a parent G (x; ¢) in
(5) could, in principle, follow from the properties of the hypergeometric function which
are well established in the literature; see, for example, Section 9.1 of Gradshteyn and
Ryzhik (2000).

The pdf and hrf of the B-G class are given by
fia,b,§) = 7B 606 )" M1 ~ G(x ¢} ©)

B(a,b)
and
_ g d)G(x; (I))a_l{]_ — G(x; d))}b_l
B(a, b)l[l—G(x;q))] (a, b) )

respectively, where Iji_g(x¢)(ab) =1 = Igue)(a, b) = F(x;a, b, ) is the survival
function of the B-G distribution.

h(x;a, b, d)

The B-G class has been used to construct various extensions for the well-known
distributions. For example, the beta normal (Eugene et al., 2002), beta Fréchet (Nadarajah
and Gupta, 2004), beta exponential (Nadarajah and Kotz, 2006), beta W (Lee et al.,
2007), beta W-geometric (Cordeiro et al., 2011), beta generalized exponential (Barreto-
Souza et al., 2010), beta modified W (da Silva et al., 2010), beta IW (BIW) (Khan, 2010),
beta exponential-geometric (Bidram, 2012) and beta exponential Fréchet (Mead et al.,
2017) distributions.

The reminder of the paper is organized as follows. In Section 2, we define the BGIWGc
distribution and its special cases. The expansion for its pdf and cdf are given in Section 3.
Moments, moment generating function and mean deviation are discussed in Section 3. In
Section 4 we obtain the Rényi and Shannon entropy of BGIWGc distribution. Finally,
maximum likelihood estimation is performed in Section 5. The rest of the paper is
organized as follows. In Section 2, we present the probability density function (PDF) and
failure rate function and provide plots of such functions for selected parameter values. In
Section 3, we obtain the moment generating and characteristic functions. We also give
the moments of the order statistics. The Rényi entropy is derived in Section 4. Maximum
likelihood estimation of the parameters and the expected information matrix are
discussed in Section 5. Section 6 deals with the estimation of the stress strength
parameter. An application of the GEG model to real data is illustrated in
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2. The BGIWGc distribution
equation (5). Then, the cdf of the BGIWGc distribution is given by
()

In this section, we difine the six parameter BGIWGc distribution by inserting (3) in
e—v(ax)™?
‘w1 —w)Pldw,x > 0,

1—p(1—e_y(“x)_9

1
F(x; ) = mfo
where a > 0 and b > 0 are shape parameters. The random variable X with the cdf (7) is
said to have a BGIWGc distribution and will be denoted by X~BGIWGc(¢p) where

¢ =(a,7,0,p,a,b).
b-1
(8)

The corresponding pdf of (7) takes the form
(1—p)baey(ax)-9-1e—va(ax)‘e(1_e-y(ax)-9)

B(a,b) [1_17(1—6 _y(ax)_g )]a+b

fOse) =

The hazard (failure) rate function (hrf) of X is given by
(1 - p)?(ax) -1 va@)™ [1 — e"’(“")_g]b_1

a+b '

} I[l—G(x;a,y,B)] (a,b)

h(x; @) =
B(a,b){1 —p[1 — e7v@0)™?]
The BGIWGc distribution is a very flexible model that approaches to different

distributions when its parameters are changed. Its 27 sub-models are listed in Table 1.
Figure 1 displays some plots of the BGIWGc pdf for some values and the plots of its hrf

o
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Figure 1: Pdf plots of the BGIWGc distribution for selected values of the parameters
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3. Linear representation

In this subsection we present a useful linear representation for the BGIWGc pdf.
Consider the series expantion given, for |z| < 1 and b is a positive real non-integer, by

h—1 _ woo (“DIT(DB) ;
(1 - Z) ! - Zi=0 F(b—l)l' Zl (9)

Applying (9) to Equations (8), we can write
e—v(an ™0

_ I (o) (_1)j 1—p(1—e‘y(“x)_0) a+j-1
FCx, ) = B(a,b) Zjzo T(b-j)jt, w dw

a+j—-1
I'(b)

B o (-1)/ e~v(@n™?
~ B(ab) Lo T(b—j)j!(a+)) (1—p(1—e‘7(“x)_6)>

Table 1: Sub-models of the BGIWGc distribution

No. Distribution a y 0 p a b
1 BIWGc a 1 0 p a b
2 BIW a 1 0 10 a b
3 BGIEGc a y 1 p a b
4 BGIEGc a y 1 p a b
5 BIEGc a 1 1 p a b
6 BGIE a 1 1 10 a b
7 BGIRGc a y 2 p a b
8 BIRGc a 1 2 p a b
9 BGIR a 1 2 10 a b
10 BFrGc 1 1 0 p a b
11 BFr 1 1 0 10 a b
12 BIEGc 1 1 1 p a b
13 BIRGc 1 1 2 p a b
14 BIE a 1 1 10 a b
15 BIR a 1 2 10 a b
16 GIWGc a y ) p 1 1
17 IWGc a 1 0 p 1 1
18 GIEGc a y 1 p 1 1
19 IEGc a 1 1 p 1 1
20 GIRGc a y 2 p 1 1
21 IRGc a 1 2 p 1 1
22 GIW a y 0 10 1 1
23 GIE a y 1 10 1 1
24 GIR a y 2 10 1 1
25 W a 1 0 10 1 1
26 IE a 1 1 10 1 1
27 IR a 1 2 10 1 1

80 Pak.j.stat.oper.res. Vol.XI1l No.12017 pp75-90
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Figure 2: Hrf plots of the BGIWGc distribution for selected values of the parameters

Using the series representation

- o TI'(k
(1= = IR0 2" |2l <Lk >0, (10)

The last pdf can be expressed, after applying (10), as

j
fop) =2 50 O 5 (0,0,7,a, (b + ) (12)

where g;(x,a,8,y,a,(b+j)) is the pdf of the BGIW distribution with parameters
a,0,y,a and (b + j). Equation (11) reveals that the BGIWGc dnsity function can be
expressed as an infinite linear mixture of BGIW densities. Hence, we can obtain some

mathematical properties of the BGIWGc distribution from those properties of the BGIW
distribution.

3. Properties

In this section, we study the statistical properties of the BGIWGc distribution including
ordinary and incomplete moments and moment generating function.

3.1 Ordinary and incomplete moments

In this sub- section,we derive the expression for ordinary and incomplete moments of
BGIWGc . The moments of different orders will help in determining the expected life
time of a device and also the dispersion, skewness and kurtosis in a given set of

observations arising in reliability applications. rth moment on the origin of X can be
obtained using the well-known formula.
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Lemma (3.1): If X has BGIWGc(¢) where ¢ = (a,v, 6, p, a, b) then the r;, moment of
X, r=1,2,...has the foIIowing form:

= k=0 ¥ ———, (12)
[y(a+k)]™ ©
where
N -p)p) b+
=2 Taray ! ()
Proof.

Let X be a random variable with density function (8). The rth ordinary moment of the
BGIWGc distribution is given by

e = fo X7 (x, ) dx

1—p)bpl - i @ -0
_ (r(b)?([g Z (—1) (b’:]) a@yf *" (@x)~0-Le=¥@H@) ™ gy
(1 — p)bp/ b +] ya~ F(l - —) = ya 'T(1 - g)
= 1k —_—

TMBIB) 2 el [ (a+ )] kZolpk [y(a+K)]'e

which completes the proof.

Lemma (3.2): If X has BGIWGc(¢), then the moment generating function My (t) has the
following form
t7 ya TT(1-3)

My (t) = X7%= olpk —r- (13)

" y(a+k)]

Proof.

We start with the well known definition of the moment generating function given by
My(t) = E(e**) = f°° e™f(x,d)dx, Since Y22 0 -x" f(x) converges and each term is
integrable for all t close to 0, then we can rewrlte the moment generating function as
My (t) = Z?‘;Otr—rlE(Xr) by replacing E(X"). Hence using (12) the MGF of BGIWGc
distribution is given by

S )
M) = Y o O
i ,Z Ty (a+ 1

which completes the proof .

Similarly, the characteristic function of the BGIWGc distribution becomes ¢y (t) =
My (it) where i = +/—1 is the unit imaginary number.
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3.2 Conditional moments

For lifetime models, it is also of interest to find the conditional moments and the mean
residual lifetime function. The conditional moments for BGIWGc distribution is given by
the following Lemma.

Lemma (3.3): If X has BGIWGc(¢), the conditional moments for BGIWGc distribution
is given by

EQCIX > 0) = )
k=0

ya 'T(1— —,y(a + k)(at) 9)]

[v(a+ Kk)]*"
Proof.

EXS|IX>t) = fooxsf(x,q))dx

t

1-p)p/ i b+ 0 .
= TO(D) (_1)k( )d@yf x5 (ax) "0 tev@ti(@x)™ gy
F(BIL(b) £ k .

o [ra T -5, v(a+k)(at)™)
= z P 5 ’

B [y(a+ )]s

where I'(s, t) = f:o x5"1e™*dx is the upper incomplete gamma function.

k=0

The mean residual lifetime function of beta additive Weibull distribution is given by

® —E(X|X>t)—t——
3 F(0) £

ya 'r(1— —.)/(a + k)(at) 9)
Z Vi
[y(a+ k)]

The importance of the MRL function is due to its uniquely determination of the lifetime
distribution as well as the hrf.
3.3 Residual and reversed residual functions

Given that a component survives up to time ¢t > 0, the residual life is the period beyond t
until the time of failure and defined by the conditional random variable X — t|X > t. In
reliability, it is well known that the mean residual life function and ratio of two
consecutive moments of residual life determine the distribution uniquely. Therefore, the
rth-order moment of the residual lifetime can be obtained via the general formula

pr(®) = E((X = 071X > 6) = = [7(x = 07 f(x, @), 7 2 1.

Applying the binomial expansion of (x — t)" into the above formula, we have

ﬂr(t) — Z Z lpk( t) 9)/ a—e—1f xr—d—@—le—y(a+k)(ax)_9dx
t

F()k 0=
y ra-=%y(a+ k()™
Y- =
F(t);)dz ‘ [( + 1]
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On the other hand, we analogously discuss the reversed residual life and some of its
properties. The reversed residual life can be defined as the conditional random variable
t — X|X < t which denotes the time elapsed from the failure of a component given that
its life is less than or equal to ¢.

The rth-order moment of the reversed residual life can be obtained as
1 (o]
m.(t) =E(t—-X)"|X<?t) =—f (t—=x)"f(x,p)dx,r = 1.
F(t) J;
Using (8) and applying the binomial expansion of (t — x)", we can write
_ -6-1 ” r=d-0-1,-y(a+k)(ax)" -6
m(£) = F(t)ZZw o () oy f x dx

YA Gt e
11[} ( )d r— d )
FO Z z k s o

where {(s,t) = fo x5"1e™*dx is the lower incomplete gamma function.

3.4 Mean deviations and Bonferroni and Lorenz curves

The mean deviation about the mean and mean deviation about the median measure the
amount of scatter in a population. For random variable X with pdf f(x), cdf F(x), mean
u = E(X) and M = Median (X), the mean deviation about the mean and mean deviation
about the median are, respectively, defined by

&m=£

o)

X = WIFCOdx = 2uF (o) — 21+ 2 | xf ()
u

and

[o9] o

0,(x) = f |x — M| f(x)dx = —u + 2f xf (x)dx.
0 M

Then, for X, we have

g o [re~ T -2 v (a+ k) (aw)?)
[ xfeodx=3 —
H k=0 [y(a+ k)] e

and

o0 d ya=ST(1 — —,y(a + k)(aM) 9y
| xpeodx =3 w [ ]
M k=0 [y(a+ k)]

Using the last two integrals, one can obtain §; (x) and §,(x).
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The Bonferroni and Lorenz Curves have applications not only in economics to study
income and poverty, but also in other fields like reliability, demography, insurance and
medicine. The Bonferroni and Lorenz curves are defined by

1 IR S L RICRIICTIRS
B@_ﬁﬁﬁmm_ﬁEHJ [y(a+ k)]0 ]

and

, _lfq ; _li ya 55(1——,)/(a+k)(aq) 2|
P)=7 ) xf (x)dx = uk=01/)k PR

4. Maximum likelihood estimation

In this section, we determine the maximum likelihood estimates (MLEs) of the
parameters of the BGIWGc distribution from complete samples only. Let x,...,x, be a
random sample of size n from the BGIWGc distribution given by (8).

The total log-likelihood function for ¢, where ¢ = (a,0,y,p,a, b)T, is given by
£, = €, (¢) = nblog(1l — p) + nlog(a + b) — nloga — nlogb

n n
+nlogy — (6 + 1) Z log(ax;) — yaz (ax;)™®
i=1
+nloga + (b — 1) Z log 1 — e~ v(@x)” )
+nlogh — (a + b) Z log [1 —p (1 _ e—y(axi)—e)] _
i=1

The log-likelihood can be maximized either directly by using the SAS program or R-
language or by solving the nonlinear likelihood equations obtained by differentiating the
last equation.

i _ (% 3w 3tn 3ty 3n On)'
The components of the score function U, (¢) = <6a 30" 9y ' op ' da’ ab) are
Aty
SE_Z_ 0+ 1DIL, () +yad I, xi(ax;) 0

)™ —0-1-v(axy™ Z

—(b _ 1) 2?=1 yablx;(ax;

1—e—Y(ax)~f
ya@xi(axi)_e_le_y(“xi)_e (1_6—)/(006)_9)
(e )]

~p(a+b) Tk, =0

0f, n n n n »
— === log(ax;) Z In(ax;) +vy Z (ax;) In(ax;)
69 7] i=1 i=1

ny(ax;) OIn(ax;)e Y@
_b-1) Z ¥ (ax;)”"In(ax;) _
(1 — e v(axp)~ )

n y(ax;) In(ax;)e v @x0" (1 — e—Y(axi)‘e)
—p(a + b) Z 1 _ p(l _ e_y(axi)—e)]

=0,
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ay vy

-6
at’n n n 0 n (a{xi)_ee_y(axi)
=——a E ax;))”"+ (b -1
'=1( ) ( ) i=1 (1 — e‘)’(axi)_g)

l
no (ax;) Pev@x™
+p(a+b z =0,
p(a+Db) i=1[1—p(1— e r@n™®)]
-6
a#n _nb n (1 — e_)/(axi) )
dp P @b 2., [1-p(1—er@d®)]

66% = —y(a) + Y(a,b) — lelog [1 —p (1 - e"’(“"i)_e)] =0

0,

and
a¢ " -
" _ n]og(l — p) - Ilj(b) + IlJ(a, b) + Z log (1 — e—]/(axi) 9) = (.
ob i=1

The maximum likelihood estimation (MLE) of ¢, say ¢ , is obtained by solving the
nonlinear system U,(¢) = 0. These equations cannot be solved analytically, and
statistical software can be used to solve them numerically via iterative methods. We can
use iterative techniques such as a Newton-Raphson type algorithm to obtain the estimate
@. For interval estimation and hypothesis tests on the model parameters, we require the
information matrix.

Applying the usual large sample approximation, MLE of ¢, i.e ¢ can be treated as being
approximately Ng(o,],(¢)™1), where J,(¢) = E[I,(¢)]. Under conditions that are
fulfilled for parameters in the interior of the parameter space but not on the boundary, the
asymptotic distribution of vVn(@ — @) is Ng(0,](p)~1), where J(¢) = lim,on"1,(¢)
is the unit information matrix. This asymptotic behavior remains valid if J(¢) is replaced
by the average sample information matrix evaluated at @, say n~11,,(®) . The estimated
asymptotic multivariate normal N (¢, I,,(¢)~1) distribution of ¢ can be used to construct
approximate confidence intervals for the parameters and for the hazard rate and survival
functions. An 100(1 — y) asymptotic confidence interval for each parameter ¢, is given

by
ACIT = (Qb\r - ZK"I/r;: @r + zy /E;)
2 2

where z, is the upper 100yth percentile of the standard normal distribution.

5. Data analysis

In this section, we provide an application to a real data set to assess the performance and
flexibility of the BGIWGc distribution. In order to compare the new model with other
fitted distributions, we consider some goodness-of-fit statistics including —22, Anderson-

Darling statistic (A*) and Cramér-von Mises statistic (W*), where £ denotes the
maximized log-likelihood, Generally, the smaller these statistics are, the better the fit.
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The data set (Gross and Clark, 1975, page 105) on the relief times of twenty patients
receiving an analgesic is: 1.1, 1.4, 1.3, 1.7, 1.9, 1.8, 1.6, 2.2, 1.7, 2.7, 4.1, 1.8, 1.5, 1.2,
1.4, 3, 1.7, 2.3, 1.6, 2. For these data, we compare the fits of the BGIWGc distribution
with the beta transmuted W (BTW) (Afify et al., 2017), McDonald log-logistic (McLL)
(Tahir et al., 2014), McDonald Weibull (McW) (Cordeiro et al., 2014), new modified W
(NMW) (Almalki and Yuan, 2013), transmuted complementary W-geometric (TCWG)
(Afify et al., 2014), beta W (BW) (Lee et al., 2007) and exponentiated transmuted
generalized Rayleigh (ETGR) (Afify et al., 2015) distributions. The pdfs of these
distributions are given in Appendix A.

Tables 2 list the values of —22, W* and A* whereas the MLEs of the model parameters
and their corresponding standard errors are given in Table 3.

Table 2 compares the fits of the BGIWGc distribution with the BTW, McLL, McW,
NMW, TCWG, BW and ETGR distributions. The figures in these tables show that the
BGIWGc distribution has the lowest values for —22, W* and A* statistics among all
fitted distributions. So, it could be chosen as the best model. The fitted pdf and QQ plot
for the BGIWGc distribution are displayed in Figure 3. Figure 4 shows the estimated cdf
and sf for the BGIWGc model. It is evident from these plots that the new model provides
close fit to the data.

Table 2: Goodness-of-fit statistics for the relief times data

Model —27 w* A*
BGIWGc 31.662 0.0434 0.24665
BTW 33.051 0.06896 0.39769
McLL 33.854 0.07904 0.46199
Mcw 33.907 0.08021 0.46927
NMW 41.173 0.17585 1.0678
TCWG 33.607 0.07252 0.43603
BW 34.396 0.0873 0.51316
ETGR 36.856 0.13629 0.79291
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Table 3: MLEs and their standard errors for the relief times data

Model Estimates (standard errors)
BGIWGc 19.1874 20.5968 1.4346 9.8485 39.2308- 107° 5.8015
(a,v,6,p,a,b) (33.03) (43.241) (0.837) (2.001) (63.252) (4.346)
BTW 5.6186 0.5311 53.3438 3.5683 -0.7718
(a,B,a,b,1) (9.353) (0.148) (111.453) (4.265) (3.894)
McLL 0.8811 2.0703 19.2254 32.0332 1.9263
(a,B,a,b,c) (0.109) (3.693) (22.341) (43.077) (5.165)
McWw 2.7738 0.3802 79.108 17.8976 3.0063
(a,B,a,b,c) (6.38) (0.188) (119.131) (39.511) (13.968)
NMW 0.1215 2.7837 8.2272-107° 0.0003 2.7871
(a,B,v,6,0) (0.056) (20.37) (1.512-107%) (0.025) (0.428)
TCWG 43.6627 5.1271 0.2823 -0.2713
(a,B,7,1) (45.459) (0.814) (0.042) (0.656)
BW 0.8314 0.6126 29.9468 11.6319
(a,B,a,b) (0.954) (0.34) (40.413) (21.9)
ETGR 0.1033 0.6917 -0.342 23.5392
(a,8,1,6) (0.436) (0.086) (1.971) (105.137)
BGIWGc
= =]
s S \ 3
g, / ]
1‘.0 1‘.5 2‘.0 2‘.5 3‘.0 3‘.5 4‘.0 4‘.5 0o 02 04 0.6 08 1.0
x Obs
Figure 3: The fitted pdf and QQ plot of the BGIWGc model
1‘.0 1‘.5 2‘.0 2‘.5 3‘.0 3‘.5 4‘.0 1‘_0 1‘_5 2‘_0 2‘_5 3‘_0 3‘_5 4‘_0
Figure 4: The estimated cdf and sf of the BGIWGc model
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6. Conclusions

In this paper, we propose a new six-parameter model called the beta generalized inverse
Weibull-geometric (BGIWGc) distribution, which extends the generalized inverse
Weibull-geometric (GIWGc) distribution. The BGIWGCc density function can be
expressed as a linear mixture of GIWGc densities. We derive explicit expressions for
some of its mathematical properties. We discuss maximum likelihood estimation. The
proposed distribution provides better fits than some other competitive models using a real
data set. We hope that the proposed model will attract wider applications in applied areas
such as lifetime analysis, hydrology, reliability, engineering.

Appendix A:
The pdfs of the fitted distributions are given (for x > 0) by

0071 24 2200 (1 o] [

X e—(ax)B {1 - [1 - e_(“x)ﬁ] [1 + )le—(ax)ﬁ]}b_l

et 19 =iz (3) e QYT (-l )T )

B a—1 cb-1
McW: f(x) = % xB-1 - (@0)f [1 _ e_(ax)ﬁ] { L [1 _ e_(ax)ﬁ] } |
NMW: £ (x) = [a6x02 + y (B + 6x)xB1edx]e~(ax"+yxPe

TCWG: f(x) = afy(yy)Pf~t e~ [a(l -D—-(a—al—21-1) e‘(W)ﬁ]

BTW: f(x) = 2=

6x) .
)

X [a +(1-a) e‘(W)B]_3
ETGR: £(x) = 24047 x e ® {142 - 22[1 - "]}
— 6-1
x [1 e ) {1+2-21- e-<ﬁx)2]“}

xﬁ 1e—b(ax)B [1 _ e—(ax)B]

BW: f(x) =

B( ,b)

The parameters of the above pdfs are all positive real numbers except for the TCWG and
ETGR distributions for which || < 1.
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